The linear properties of an electromagnetic drift-wave model are examined. The linear system is non-normal in that its eigenvectors are not orthogonal with respect to the energy inner product. The non-normality of the linear evolution operator can lead to enhanced finite-time growth rates compared to modal growth rates. Previous work with an electrostatic drift-wave model found that nonmodal behavior is important in the hydrodynamic limit. Here, similar behavior is seen in the hydrodynamic regime even with the addition of magnetic fluctuations. However, unlike the results for the electrostatic drift-wave model, nonmodal behavior is also important in the adiabatic regime with moderate to strong magnetic fluctuations.
I. INTRODUCTION
The observed transport of particles and energy at the plasma edge in magnetic confinement devices, e.g., tokamaks, is much larger than predicted by neoclassical transport theory. 1 Experimental evidence relates this anomalous transport to observed density, electric potential, and magnetic field fluctuations. 2 Drift waves with amplitudes and wave numbers comparable to those of observed fluctuations result from plasma density and temperature gradients. 3 Drift waves produce anomalous particle and energy diffusion along these spatial gradients. There is also experimental evidence of waves with drift-wave characteristics in the central region of the tokamak. 4 Drift-wave turbulence is therefore assumed to be one of the mechanisms responsible for anomalous transport in tokamaks, especially at the plasma edge.
Another place where drift waves may play a role is in the transition from poor confinement (L) to improved confinement regimes (H) in tokamaks. Although extensive experimental and theoretical studies of the LϪH transition have been performed, it is still not completely understood. [5] [6] [7] Experimental evidence suggests that core plasma instabilities related to ion temperature gradient modes change into drifttype mode near the plasma edge. 8 It has also been suggested that the edge turbulence could have its origin in the plasma center, where the magnetic fluctuations have a fundamental role. 9 These facts suggest that the coupling between electrostatic turbulence and Alfvén waves are significant 10 and various models have been developed to study drift-Alfvén turbulence. [10] [11] [12] [13] Various numerical studies of drift-wave turbulence have been performed. One of the standard steps of the analysis is to study the linear properties of the models. Features of the nonlinear numerical simulation that cannot be accounted for by the linear analysis are attributed to nonlinear effects. 14 Eigenmode analysis or normal mode analysis is a standard method of studying instabilities in fluids and plasmas and has been applied with success to many problems. However, there are notable cases in fluid dynamics where normal mode analysis fails to agree with observed instabilities. 15 These failures have been attributed to the linearization of the problem. However, it has been long known that non-normal linear systems are potentially capable of behavior different than that suggested by their normal model analysis. A nonnormal linear system is one that does not have a complete set of orthogonal eigenvectors. Recent studies have shown that some non-normal linear systems do indeed present behavior different than that suggested by their normal mode analysis. For instance, perturbations in modally stable systems can be amplified by factors of thousands as a result of nonnormality. 15 , 16 The possible enhanced growth due to non-normality suggests almost linear mechanisms for the transition to turbulence. 17 However, the general applicability of this mechanism for shear flows has been criticized 18 and an alternative mechanism for obtaining subcritical turbulence has been proposed. 19 Recently, 20 this mechanism has been examined in the Hasegawa-Wakatani equations, an electrostatic drift-wave model, 21 and compared to nonlinear drift-wave mechanisms. 22 In this paper, we study the nonmodal linear properties of an electromagnetic extension of the Hasegawa-Wakatani system; some aspects of this work are also discussed in Refs. 23 and 24. The role of the magnetic fluctuations in a simple nonlinear drift-wave model ͑without magnetic shear͒ 25, 26 has already been studied numerically.
14 There, the results of the nonlinear numerical simulations were compared to the modal linear stability properties in order to understand the role of the nonlinear terms. However, the linear behavior of electromagnetic drift waves is not completely described by its modal growth properties in some regimes. The system presents a strong nonmodal behavior in the hydrodynamic regime for a wide range of magnetic fluctuations strengths, extending previous electrostatic drift-wave model results. 27 Previous electrostatic drift-wave model results showed little nonmodal behavior in the adiabatic regime. Here, we demonstrate that the adiabatic regime including moderate to strong magnetic flucuations produces nonmodal growth with larger growth rates and different wave number than those given by normal model analysis. This regime of adiabatic electrons and moderate magnetic fluctuations is typical of tokamaks.
The organization of the paper is as follows. In Sec. II the nonlinear electromagnetic drift-wave model and the associated fluctuations energy inner product is described. The spectrum and pseudospectrum of the linear model is presented in Sec. III, demonstrating the non-normality of the system. Modal and nonmodal growth rates are compared in Sec. IV. Finally, a summary and conclusions are given in Sec. V.
II. NONLINEAR ELECTROMAGNETIC DRIFT-WAVE EQUATIONS
The electromagnetic drift-wave equations consisting of three nonlinear coupled bidimensional equations, for potential ⌽(x,y), density n 1 (x,y), and magnetic ⌿(x,y) fluctuations, are an extension of the Hasegawa-Wakatani system in slab geometry to include the magnetic fluctuations. This model was first derived in Refs. 25 and 26, and an equivalent form can be found in Ref. 28 . It can also be interpreted as a restriction of tearing-mode models 29, 30 to a homogeneous magnetic geometry.
The electron density n is given by nϭn 0 (1ϩn 1 /n 0 ), with n 1 Ӷ1, where the equilibrium density n 0 (x) has a constant gradient in the negative x direction with equilibrium density scale L n ϭn 0 /͉dn 0 /dx͉. The electrons are isothermal and the ions are cold (T i ӶT e ϭT); temperature gradients or fluctuations are neglected. The total magnetic field B has a uniform component in the z direction, B 0 , with magnetic fluctuations in the (x,y) plane, such that BϭB 0 ê z Ϫٌ ϫ⌿ê z .
The drift-wave dispersion scale s ϭcͱM i T/eB and the sound speed c s ϭͱT/M i are used to define the usual drift parameter ␦ 0 ϭ s /L n ; M i and M e are the ion and electron masses, respectively. A parallel length scale L s is also used, which is equivalent to the shear length in tearing-mode models. The fluctuations are then scaled according to
The electromagnetic drift-wave equations are
A Fourier representation is used:
where kϭ(k x ,k y ) and K ʈ is taken to be constant.
The adiabaticity parameter C used in the HasegawaWakatani system 21, 31 is related to A: CϭK ʈ 2 A. We choose K ʈ ϭ1 and consider the parameter C instead of A. The Hasegawa-Wakatani system 21 is the electrostatic limit of the electromagnetic drift-wave model ͑1͒ obtained by taking →0 and JϭC/K ʈ (nϪ) 14 . The two-dimensional magnetohydrodynamic ͑MHD͒ equations 32 can also be obtained from Eq. ͑1͒ by taking a constant density n 1 ϭ0 and K ʈ ϭ0.
14 Electromagnetic drift-wave equations therefore contain the dynamics of both the Hasegawa-Wakatani and the MHD equations. By varying the two free parameters C and ␤ , a variety of regimes can be studied. The electromagnetic effects are controlled by ␤ ; ␤ Ӷ1 is the electrostatic regime and ␤ ӷ1 is the electromagnetic regime.
14 Large values of C correspond to an adiabatic regime, while small values of C correspond to a hydrodynamic regime. 33 In our calculations we add dissipative corrections in Eq. ͑1͒, such that ‫‪t‬ץ/ץ‬ →‫ץ/ץ‬tϩٌ Ќ 4 .
14 The total energy of the fluctuations is an invariant of the purely nonlinear electromagnetic equations and is given by
where kϭͱk x 2 ϩk y 2 . The total fluctuation energy can be used to define a norm and an inner product on fluctuations. In particular, for any two fluctuations uϭ͓,n,͔ and uЈ ϭ͓Ј,nЈ,Ј͔, the total energy inner product is defined by ͗u,uЈ͘ϵ
where ( ) denotes complex conjugate; ʈuʈϵ͗u,u͘ is the energy of the fluctuation u. Two fluctuations u and uЈ are orthogonal if ͗u,uЈ͘ϭ0.
III. SPECTRUM AND PSEUDOSPECTRUM OF THE LINEAR MODEL
Neglecting the nonlinear terms of the electromagnetic drift-wave equations and expanding the potential, the density and the magnetic fluctuations in a double Fourier series in the nondimensionalized slab variables x and y gives for each pair of (k x ,k y ) a linear system:
where u k ϭ͓ k ,n k , k ͔ T and
An eigenvalue problem,
is obtained from assuming an exponential time-dependence ϳe ␥t for the fluctuations; u is the vector of Fourier components u k and A is the block-diagonal matrix with entries A k . The spectrum of A, denoted ⌳(A), consists of the values of ␥ for which ͑10͒ has a nontrivial solution. The normal mode growth rate ␥ 0 is obtained by finding the eigenvalue of A with the largest real part. The dependence of the electromagnetic drift-wave normal modal growth rate ␥ 0 on the adiabaticity C and magnetic field strength ␤ has been previously calculated. 14 If the linear operator A were normal, or equivalently, if A had a complete set of orthogonal eigenvectors, the modal growth rate ␥ 0 would give strong conditions on the behavior of the total fluctuation energy ʈu(t)ʈ. Namely, one could conclude that for any initial condition u(0) with unit initial energy
the upper limits being achieved by taking u(0) to be the eigenvector of A whose eigenvalue has real part ␥ 0 . However, the electromagnetic drift-wave system does not have a complete set of orthogonal eigenvectors and for non-normal dynamics the strongest statements that generally apply are
for a constant D greater or equal to unity. The constant D is not known from the eigenvalue analysis and the modal growth rate ␥ 0 only limits the long-time growth rate. Therefore, the linear behavior of a non-normal system is only weakly determined by the properties of its spectrum. Some information about the constant D can be found from the pseudospectrum of A. 34 A complex number z is in the ⑀ pseudospectrum of A, denoted ⌳ ⑀ (A), if z is an eigenvalue of (AϩE) for ʈEʈр⑀. The ⑀-pseudospectral abscissa ␣(⑀) defined by and consisting of all complex numbers z such that for some unit vector u, zϭ͗u,Au͘. Since the rate of change of the energy is given by ͗Au͑t͒,u͑t͒͘ ,
͑15͒
where ͗ , ͘ is the energy inner-product, the maximum rate of change of the energy is given by the numerical abscissa defined by
If A is normal, then ϭ␥ 0 . The eigenvalues of A and the boundary of W(A) are shown in Fig. 1͑b͒ for ␤ ϭ5 and C ϭ10. The time scale suggested by the maximum modal growth rate ␥ 0 ϭ0.0024 is orders of magnitude different from that corresponding to the maximum rate of change of energy ϭ3.1. A simple calculation using Eq. ͑12͒ shows that the maximum growth rate can be maintained for a time no longer than 0.54.
IV. FLUCTUATION ENERGY GROWTH
Following Ref. 27 , the basic quantities used to investigate the modal and nonmodal growth of electromagnetic drift waves will be the energy growth ratio (t): ͑t ͒ϭ ʈu͑ t ͒ʈ ʈu͑ 0 ͒ʈ , ͑17͒
and its growth rate ␥(t)ϭt Ϫ1 ln . Different choices of initial fluctuation u(0) produce different energy growth ratios. We consider four energy growth rates i (t), iϭ0, 1, 2, 3. The first comes from taking u(0) to be least stable eigenvector of A, giving
maximum modal growth. The maximum energy growth ratio 1 (t) is
and does not necessarily correspond to a single initial condition, i.e., the initial condition that produces maximum growth at one instant need not be the same as the initial condition that produces maximum growth at another instant. The quantity 2 (t) is defined by using the initial condition that produces maximum growth in the limit of large time.
The quantity 3 (t) is defined by using the initial condition that produces maximum initial growth. limit of large time. Nonmodal growth rates may be larger than the modal growth rate and involve different wave numbers on intermediate time scales. We now examine modal and nonmodal properties of the electromagnetic drift waves in different regimes, considering first the adiabatic regime with Cϭ10. Non-normal effects were not observed for the Hasegawa-Wakatani equations in this regime. We now add magnetic fluctuations and consider electrostatic, intermediate, and electromagnetic regimes corresponding, respectively, to ␤ ϭ10 Ϫ3 , ␤ ϭ1, and ␤ ϭ10. Figures 2 and 3 show the time evolution of the energy growth ratios ͕0Ϫ3͖ (t) and energy growth rates ␥ ͕0Ϫ3͖ (t) for these values of C and ␤ . In the electrostatic regime, nonmodal effects are only important for very small time scales ͓Figs. 2͑a͒ and 3͑a͔͒. In this regime the maximum growth rate (␥ 1 ) differs from the modal one only on very short time scales, approximately five time units. ␥ 1 and ␥ 0 then coincide in the electrostatic regime, as shown in Fig. 2͑a͒ . The initial condition that gives maximum growth does not maintain that growth. As ␤ increases, the nonmodal effects become important on longer time scales. Figures 2͑b͒ and 3͑b͒ show that for the intermediate regime while the modal grow rate ␥ 0 has decreased, the nonmodal growth rates have increased compared to the electrostatic regime. In the electromagnetic regime this trend continues with the modal growth rate ␥ 0 approaching zero while the nonmodal growth is enhanced. Also the time scale on which nonmodal behavior is important is extended. Although the growth rates ␥ 1 (t) and ␥ 2 (t) are approaching the modal growth rate ␥ 0 there continue to be oscillations in the energy ratios.
We now examine which wave numbers are responsible for the modal and nonmodal growth. In Fig. 4 , the modal growth rate ␥ 0 and the maximum growth rate ␥ 1 (t) for t ϭ10, 20, 100 are shown as functions of k y for k x ϭ0. The wave number dependence of ␥ 1 (t) is different from that of ␥ 0 for small t. As t increases, the wave number dependence of ␥ 1 (t) converges to that of ␥ 0 . In the electrostatic regime, ␥ 0 and ␥ 1 (t) coincide for all the wave numbers at the times shown. For intermediate to strong magnetic fluctuations, enhanced nonmodal growth is seen over a wide range of wave numbers with the maximum initially occurring at long wavelengths. This growth is larger and takes longer to relax to the modal growth rate as the strength of the magnetic fluctuations is increased. The wave numbers associated with maximum nonmodal growth differ substantially from those associated with modal growth.
We now examine the dependence of the growth rates on the adiabiaticity and magnetic fluctuation strength, identifying the regimes where nonmodal behavior is important. Figures 5 and 6 show the dependence of the finite time growth rate ␥ 1 (t) and the modal growth rate ␥ 0 on C and ␤ . Nonmodal growth is important for all values of ␤ in the hydrodynamics limit of small C, a direct extension of the results obtained for the Hasegawa-Wakatani system. 27 However, including moderate to strong magnetic fluctuations leads to significant nonmodal behavior in the adiabatic regime as well. For tokamaks, the estimated values are Cϳ10 and ␤ ϳ1, and for these values the linear growth would be much larger than that given by the modal analysis, especially for small times. Figure 7 shows the wave numbers corresponding to the growth rates in Fig. 5 as a function of C. We denote by k 0 max and k 1 max (t) the perpendicular wave number corresponding to the growth rates ␥ 0 and ␥ 1 (t) (tϭ10, tϭ20, and tϭ100). In the hydrostatic regime the behavior seen is similar to that observed in the Hasegawa-Wakatani system. 27 There is a critical value C crit (t) of the adiabatic parameter, a decreasing function of time, such that at a particular time t, k 1 max (t) Ϸk 0 max for CϽC crit (t) and k 1 max (t)Ϸk 1 max (10) for CϽC crit (t). For values of C near the cutoff there is transition connecting the modal and nonmodal behavior. In the adiabatic regime, moderate to strong magnetics fluctuations produce a second regime where nonmodal effects are important. As noted earlier, in Ref. 27 the maximum nonmodal growth is associated with long wavelengths.
V. CONCLUSIONS
We have examined the modal and nonmodal linear behavior of the electromagnetic extension of the HasegawaWakatani model. Nonmodal analysis of the linear behavior of an electromagnetic drift-wave model reveals features not evident from eigenvalue or modal analysis. Nonmodal behavior plays a role in this system because it does not have a complete set of orthogonal eigenvectors. Two parameters determine the importance of the nonmodal effects, the adiabaticity parameter C and the electromagnetic parameter ␤ . Examination of the pseudospectrum shows that while the modal growth rate goes to zero in the hydrodynamic limit, nonmodal growth is still present. Calculation of the numerical abscissa showed that in the adiabatic regime the instantaneous rate of the change of the energy can be many orders of magnitude larger than the modal growth rate.
In the hydrodynamic regime ͑small values of C͒, the linear properties are practically independent of ␤ and the modal growth rate gives only poor estimates of the general nonmodal behavior. In the adiabatic regime, on the other hand, the nonmodal behavior is important only for large values of ␤ ͑electromagnetic limit͒ and the maximum instantaneous growth rate is much larger than the modal growth rate.
These conclusions suggest that when studying the full nonlinear simulations of this electromagnetic system and comparing with the linear properties, it is important to consider the non-normal character of the system. As nonnormality appears to be generic for multiple-fields models of plasma fluctuations, 20 this line of study is important to pursue the understanding of transition to turbulence and submarginal turbulence in plasmas. 
